In the realm of signal and image denoising and reconstruction, ℓ 1 regularization techniques have generated a great deal of attention with a multitude of variants. In this work, we demonstrate that the ℓ 1 formulation can sometimes result in undesirable artifacts that are inconsistent with desired sparsity promoting ℓ 0 properties that the ℓ 1 formulation is intended to approximate. With this as our motivation, we develop a multiscale higher-order total variation (MHOTV) approach, which we show is related to the use of multiscale Daubechies wavelets. The relationship of higher-order regularization methods with wavelets, which we believe has generally gone unrecognized, is shown to hold in several numerical results, although notable improvements are seen with our approach over both wavelets and classical HOTV. These results are presented for 1D signals and 2D images, and we include several examples that highlight the potential of our approach for improving two-and three-dimensional electron microscopy imaging. In the development approach, we construct the tools necessary for MHOTV computations to be performed efficiently, via operator decomposition and alternatively converting the problem into Fourier space.
Introduction
Over the past couple of decades, ℓ 1 regularization techniques such as total variation have become increasingly popular methods for image and signal denoising and reconstruction problems. Along with TV [1] , a large variety of approaches for similar ℓ 1 regularization approaches have been proposed for an array of problems. Signal and image recovery methods continue to attract a great deal of interest due to the wide variety of potential applications and ever increasing means of various sensing mechanisms to acquire data. To name a few, synthetic aperture radar (SAR) [2, 3] , magnetic resonance imaging (MRI) [4] [5] [6] , electron tomography [7, 8] , and inpainting [9, 10] are all image recovery applications that have advanced in part due to ℓ 1 regularization methods, and in each case the approach can be tailored to the challenges that the particular application poses. With many problems such as two-and three-dimensional electron microscopy imaging, the challenge is often to acquire as little data as necessary due to possible damage of the subject being imaged or because of time constraints, driving the need for inverse methods that can achieve the absolute best results from very limited and noisy data.
The mathematical description of the general problem we are interested in is to recover a signal or image f ∈ R N , from noisy measurements b of the form b = Af + ǫ , where A ∈ R m×N is some sensing matrix that approximates the physical model of the particular problem. For example, in electron tomography f is a 3D nano-structure, b is a collection of projected microscopy images/data of f, and A is the projection operator that relates f and b. Given these ingredients, the ℓ 1 regularized solution is given by where T is some sparsifying linear transform and is a parameter that balances the effects of the data and regularization terms. The appropriateness of this approach is that some prior knowledge of the signal informs one that Tf is sparse, or approximately sparse, and that the (1) f rec = arg min f �Af − b� formulation with the ℓ 1 norm encourages such sparsity [11] [12] [13] . In many applications, some knowledge of the appropriate transform is available, particularly with images and for other signals, this knowledge is in the form of some "smoothness. "
In the case of TV, the sparsifying transform is given by T : R N → R N −1 , where (Tf ) i = f i+1 − f i . The general idea for this approach is that the signal f is assumed to be piecewise constant with a few discontinuities, in which case Tf is sparse. If this is not precisely true, this approach still effectively reduces unwanted oscillations at the cost of the well documented asing effect [14, 15] . However, for more general piecewise smooth functions higher-order TV (HOTV) regularization methods are effective [14, 16, 17] , and they do not suffer from the staircasing effects. In this case, the transform maps f to approximations of discrete derivatives of f, e.g., higher-order finite differences of f.
Another popular choice for T is wavelet transform [4, 18, 19] . For instance, such a transform can be written as T : R N → R N , where (Tf ) j = �f , ψ j � and ψ j are orthonormal so that f = j �f , ψ j �ψ j . The idea here is that for appropriately smooth signals, most of the signal's energy is captured in the few low-frequency, larger-scaled elements of the basis. Thus, most of the coefficients can be neglected, and thus a sparse approximation of f exists with respect to the basis.
Discussion and contribution
The crux of general ℓ 1 regularization methods is that recovering a signal with the most sparse representation, that is recovering the solution with the smallest so called ℓ 0 norm, is often equivalent to its convexly relaxed variant of recovering the signal with the smallest ℓ 1 norm, which is a field of study called compressed sensing (CS) [11] [12] [13] . Although convex ℓ 1 optimization algorithms are useful in promoting sparsity, some small nonzero coefficients may still persist, an obvious sign that the assumptions needed for the exactness guarantees given by CS theory sometimes do not hold in practice. This observation is largely the original motivation of our present work in developing a multiscale HOTV approach related to multiscale wavelet regularization.
Much work has been devoted to understanding and developing sparsity promoting regularization methods, which are related to our current work. Numerous variants of higher-order TV methods have been proposed [14, 17, 20] . For example, in [20] , the authors propose an edge detection operator that annihilates polynomials, which leads them to operators close to finite difference matrices. In [14] , a combination of a TV regularizer with a quadratic second-order regularizer is developed in the continuous domain to eliminate staircasing effects. Likewise, several authors have shown that using some combination of first-and second-order methods to be beneficial [16, [21] [22] [23] . Unfortunately, since there are multiple regularization terms, these methods typically introduce additional parameters that need to be tuned. In terms of theory, it has been well documented that under certain conditions, TV and HOTV are equivalent to reconstruction with splines [24, 25] , i.e., the solution of such methods recovers a piecewise polynomial with a sparse set of jumps.
TV denoising in particular has several very interesting equivalences. It is well known that TV denoising and other more general first-order denoising methods are equivalent to smoothing with a certain nonlinear diffusion models [26] , a typical result of writing the equivalent Euler-Lagrange equations. Perhaps discussed less frequently and most related to the observations in our current work, TV denoising is equivalent to soft threshold denoising with the highest-frequency basis elements of the Haar wavelets [27, 28] , in particular with the so-called cycle spinning [29] . In general, however, the main difference between these methods is that with TV, the smoothness analysis is limited to the finest scales, whereas wavelet regularizations promote function smoothness at multiple scales. A main contribution of this article is to expand further on the relationship between wavelets in ℓ 1 regularization and those ℓ 1 methods related to HOTV. In regards to extension of wavelets, a number of multidimensional generalizations have been invented including curvelets and shearlets [18, 30, 31] , which are primarily used for sparse function approximation and improve the approximation rates in two-and three dimensions compared with their one-dimensional counterparts. In terms of application, TV and HOTV methods have been shown to be effective for multidimensional electron microscopy data processing [7] [8] [9] 32] , and these data sets serve as strong evidence for the potential of improved imaging in these domains with our method.
The method we develop here is an alternative for HOTV regularization which we refer to as multiscale HOTV (MHOTV). In contrast to previous work, our approach considers combining both a multiscale approach and higher-order TV methods for the class of image reconstruction problems. The motivation for such an approach is in observable sub par results due to the relaxation of the sparsity promotion through the ℓ 1 norm, contrary to the aforementioned results with splines [24, 25] . In light of this, we determined this calls for analysis of the function behavior at multiple scales. As can be deduced, this multiscale strategy is similar to the treatment of wavelets, and we argue that our approach is indeed related to the use of Daubechies wavelets, with the main divergence coming in the orthogonality and/or frame conditions prescribed by the wavelets. Orthogonality may be unnecessary for general ℓ 1 regularization techniques, although fundamental to thresholding denoising techniques, and the relaxation of this condition in our approach allows for better localization of the transform. In the development of MHOTV, we carefully address the computational concerns associated with our approach through the use of both the FFT and operator decompositions. We are able to show through several numerical examples that MHOTV provides a notable improvement to the current alternatives, and in particular our method is highlighted for potential improvements to two-and three-dimensional electron microscopy imaging.
The organization of the remainder of the article is as follows. In "HOTV and multiscale generalizations" section, we define the HOTV operators and the corresponding multiscale generalizations, and we precisely define the MHOTV ℓ 1 regularization model. We also motivate the approach via a numerical example, make the connection with Daubechies wavelets, and show initial improvements with our method. In "Fast calculation of MHOTV operators" section, we address the computational concerns associated with calculating MHOTV coefficients, devising two distinct ways that they can be calculated in an efficient manner. In "Application to multidimensional electron microscopy and tomography" section, our method is highlighted for two-and three-dimensional electron microscopy imaging, both for denoising and tomographic imaging, indicating overall improvements for imaging in these domains with our approach. "Quantitative results" section provides robust quantitative results that further confirm the improvements seen with the previous examples. All of the results indicate that MHOTV is an improvement to the original HOTV and the related Daubechies wavelets. Some proofs and definitions are provided in Appendix.
HOTV and multiscale generalizations
As an alternative to TV regularization, general order TV methods have been shown to be effective for ℓ 1 regularization [8, 14, 16, 20] . The TV transform can be thought of as a finite difference approximation of the first derivative, thus annihilating a function in locations where the function is a constant, i.e., a polynomial of degree zero. Likewise, higher-order TV transforms can be considered higher-order finite difference approximations to higherorder derivatives, thus annihilating the corresponding degree polynomials. With this in mind, we have the following definition:
Then for f ∈ R N , the periodic kth order finite difference of f is given by where * denotes the discrete convolution.
Remark 1
The convolution in this definition (and in general) can be represented by multiplication with a circulant matrix k , where each row of k holds a shifted version of φ k . An example of the matrix in the case k = 2 is given by Note that this definition uses a periodic extension of f and can be ignored by dropping the last k rows of k .
With this definition, the HOTV model can be said to recover Unfortunately, for many real-world imaging problems, the equivalence between ℓ 1 and ℓ 0 may not hold in practice, yet the ℓ 1 regularization still tends to encourage favorable solutions. In terms of the sparsity promoting transform, this means that the transform of the recovered function may not be truly sparse, but most of the values are instead relatively close to zero. For HOTV, this means that a local Taylor expansion of the recovered function will still contain some small nonzero higher-order coefficients, yet essentially unobservable at the very local scale. In other words, at some point t, there exists a polynomial expansion of minimal degree of f given by which holds for all x within some small interval I around the point t. Ideally, a solution given by the order k HOTV model recovers a solution so that the coefficients α m (t) (2)
vanish for m ≥ k . The ℓ 1 model allows for these coefficients to remain, although very small, and the function still appears to essentially be a polynomial of degree less than k. However, when this behavior persists over many points at a larger scale, the result can be a function which looks more like a trigonometric polynomial rather than an algebraic one. This phenomenon is demonstrated in Fig. 1 , where a piecewise polynomial of degree two was reconstructed from random noisy samples with 50% sampling 1 using TV and HOTV regularizations. The sampling matrix A ∈ R N /2×N is constructed so that a random 10% of its entries are set to be nonzero, where these nonzero values are uniformly distributed over [0, 1] . The samples were corrupted with normally distributed mean zero noise. Two different grid sizes are demonstrated, 256 and 1024, and it can be observed that these small oscillations become increasingly abundant with more grid points. However, in the bottom of the figure, the third-order finite difference of the HOTV3 solution plotted in logarithmic scale shows that locally this oscillatory behavior results in almost exact low-order polynomials, although very small amplitudes persist in the transformed domain, and thus not truly sparse in the ℓ 0 sense. Nevertheless, all regularization approaches should still be deemed useful, as evidenced by the least squares solution shown.
Due to these phenomena, we propose a multiscale HOTV approach, which considers the regularization transform at multiple scales. The idea is that a larger stencil would penalize these oscillations even with the ℓ 1 norm. As TV generalizes to the Haar wavelet by stretching and scaling of the elements, we propose the same with HOTV. To this end, we give the following definition.
Definition 2 (Multiscale finite differences) Let φ k,j ∈ R N be defined by Then for f ∈ R N , the periodic kth order finite difference of scale j of f is given by where * denotes the discrete convolution.
Remark 2 Again, this convolution can be represented as multiplication with a circulant matrix k,j . An example of k,j in the case k = 2 and j = 2 is given in (7).
MHOTV reconstruction model
We now present the general model for MHOTV reconstruction. Generally speaking, we still use the model presented in (1), where A maps the unknown function f to some perhaps noisy measurements given by b, from which we use to reconstruct f. Our sparsity promoting transforms are now given by the matrices k,2 j , for j = 0, 1, . . . , ℓ , where ℓ is the maximum scaling of the operator used and k is the chosen order. Setting our maximum scaling to ℓ = 0 corresponds to the traditional HOTV approach. Although not completely necessary, we choose a dyadic scaling of the operators, similar to the treatment of wavelets. As with wavelets, we will show that this is convenient for computational purposes.
Finally then our reconstruction model is given by
The factor of 2 −j is a normalization that accounts for the increasing norms of each operator, which would otherwise weigh too heavily to the largest scaling operator. 2 The scaling of the parameter by ℓ + 1 simplifies the selection of the parameter, which would otherwise need to be manually scaled by such a factor to account for the number of scales being used. By similar reasoning, the additional scaling by 2 −k+1 is used to account for the order k of the method [33] .
Relationship to Daubechies wavelets
Wavelets can be characterized as an orthonormal basis that is generated through a multiresolutional analysis [19, 34] . The multiresolutional analysis leads to the shifting and dyadic stretching and scaling of a single generating mother wavelet, analogous to our treatment of MHOTV by shifting and stretching of a single row or element of the matrices (7)
k . From this very general characterization, there are a number of parameters in the design of the wavelets. For Daubechies wavelets the smoothness is characterized by the number of vanishing moments, i.e., the number of polynomial orders to which the wavelet is orthogonal. A wavelet with k vanishing moments acts as a multiscale differential operator of order k. As a trade off, an increasing number of vanishing moments chosen for the wavelet basis results in an increase in the support of the wavelet functions, and Daubechies wavelets are designed to yield the orthonormal wavelet basis of minimal support given a selected number of vanishing moments [19] .
To develop a basic mathematical description of a wavelet expansion, suppose we want to represent a uniform pixelated function with 2 n pixels on [0, 1] in terms of the wavelet basis. Then denoting our scaling function and mother wavelet with k vanishing moments by ϕ k and ψ k , respectively, we have the following orthonormal wavelet representation Here, ψ k,j,t (x) = 2 j/2 ψ k 2 j x − t and similarly for ϕ k,j,t , i.e., shrinking and scaling of the generating wavelet functions. The parameter ℓ is a positive integer with 0 ≤ ℓ ≤ n , and the value n − ℓ is said to be the number of scales in the wavelet expansion. 3 With the representation in (9), the coefficients for the scaling functions in the first sum capture most of the energy of the signal, and the wavelet coefficients c k,j,t = �f , ψ k,j,t � vanish for values of t where f is a polynomial of degree k − 1 over the support of ψ k,j,t . For ℓ 1 regularization, we only need to be concerned with regularization of the wavelet coefficients in (9) , and thus the coefficients for the scaling functions in the first sum are not included in the regularization.
Connecting these ideas to HOTV, we see that these transforms are playing similar roles. Both are prescribed by the number of vanishing moments, or in the language of HOTV, the highest-order polynomial that is annihilated by the approach. Furthermore, both are designed to yield minimal support given the number of vanishing moments. The crucial difference lies in the orthogonality condition prescribed by wavelets, which further increases the support of the wavelet elements. We emphasize again that this condition is fundamental to compression and threshold denoising methods, but not necessarily useful with general image reconstruction problems.
Finally, one additional technique utilized for ℓ 1 regularization and denoising as well is the use of a wavelet frame by taking all possible shifts for each scaling of the wavelets, which is sometimes referred to as translational invariant cycle spinning [29, 35, 36] . This eliminates the lack of translation invariance of a wavelet basis that can otherwise result in unwanted artifacts near discontinuities. With this in mind, we may define the wavelet frame elements by Then the averaged wavelet frame representation of f may be written as
. Hence, a wavelet approach promotes sparsity with respect to the vectors f * ψ k,j,0 , or equivalently with respect to k,j f . Then, a regularization norm in this setting takes the form which is analogous to our regularization norm in (8) . For wavelets, the scalings are inherent to function definitions, and the dyadic stretching of the elements is indicated by j as opposed to 2 j . The case when ℓ = n − 1 would be most closely related to the original HOTV, and for smaller values of ℓ , the wavelets are more comparable to the MHOTV development in this article.
Since computing both MHOTV operators and wavelets coefficients are convolutional operations, we may visualize their corresponding filters in Fourier space, providing us another basis for comparison, which we have done in Fig. 2 . Each of these curves can be interpreted as highpass filters, where the higher levels pass increasingly lower frequencies. A very close similarity of the wavelet filters and MHOTV filters can be observed in Fig. 2 , providing a strong visual confirmation to our preceding discussion on the close relationship between the two.
Repeat of 1D simulations
To compare MHOTV and wavelet regularized reconstructions, we repeat the numerical examples presented in Fig. 1 with the same noisy data used for the HOTV reconstruction. The corresponding reconstruction with MHOTV and wavelets are presented in Fig. 3 . Recall that the measurements were collected at a 50% sampling rate and corrupted with normally distributed mean zero noise. For the multiscale HOTV and wavelets, three scaling levels were used. The selection of the regularization parameter was set to the same value for each order for HOTV and the wavelets, where we used a similar
normalization approach for the wavelets coefficients as presented in (8) .
The results in Fig. 3 were generated with orders 1, 2, and 3. The order is indicated with the numbers next to the approach in the legends, e.g., we denote the order k = 3 MHOTV approach with MHOTV3. For a baseline comparison, the least squares solution is shown as well. Compared with the corresponding 1024 reconstructions from HOTV in Fig. 1 , these solutions show clear improvements, particularly with the higher orders. As we expect, although the MHOTV1 and Haar wavelet coefficients are computed in a different manner, the resulting reconstruction is identical since the models are theoretically equivalent. They both exhibit the staircasing and noise effects in precisely the same locations. The higherorder approaches also show many similar effects of the noisy features, exhibiting certain oscillatory features with the same general behavior in precisely the same locations. However, with the higher orders, these approaches are not equivalent and MHOTV provides regulatory information at finer scales due to the minimal support of the transform elements. The result appears to be a modest improvement in the resulting reconstructions.
Finally, in the bottom of the figure, the third-order finite difference of the MHOTV3 solution is plotted in logarithmic scale. Comparing this with the original HOTV3 finite difference in Fig. 1 , we observe that the solution exhibits much better sparsity with respect to this transform domain, as desired.
Fast calculation of MHOTV operators
Calculation of traditional HOTV coefficients is a computationally inexpensive task, due to the sparsity of the matrix operator. However, with increasing dyadic scales the direct calculation increases exponentially. Due to this, in the proceeding section, we develop two distinct approaches which show that these calculations can be carried out with linear increase in the flop count with respect to the number of scales used.
Fast computation of standard HOTV can be done in several ways. One can construct the sparse matrix k and perform matrix computations directly, a calculation with runtime of kN flops. One could make use of other procedures, such as MATLAB's "diff " command which requires the same flop count without storing the matrix. With MHOTV, these approaches become less appealing. With matrix construction, if one is using several scales, then several matrices need to be computed and stored, and the matrices become significantly less sparse for larger scales. The "diff " command cannot be implemented directly for larger-scale HOTV operators.
Another alternative is to use the Fourier convolution theorem to perform the convolution operation via a product in Fourier space. For the traditional HOTV operators, this can be fairly slow compared with the matrix and "diff " approach, since the necessary two discrete Fourier transforms would require ∼ 2N log 2 N flops compared with the kN flops for the alternative implementations. However, this method is relatively comparable for MHOTV, since the Fourier transforms only need to be computed once to determine the coefficients at all scales.
We outline two procedures for efficient calculation of MHOTV. First, we describe the Fourier approach, where we derive precise formulas for the MHOTV Fourier filters. Second, we describe an alternative efficient approach by decomposition of the MHOTV matrix operators.
Computation via Fourier transforms
By the Fourier convolution theorem, the MHOTV operators can be computed as multiplications in Fourier space, i.e., where F denotes the discrete Fourier transform. Although this can be numerically computed, it is a convenient to have an exact formula for the discrete Fourier transform of φ k,j . Moreover, analytic determination of F (φ k,j ) allows us to generalize the MHOTV to fractional orders.
Proposition 1
The DFT of the vector φ k,j defined in (6) has an explicit expression given by
Proof The expression for the ξ th Fourier coefficient in the DFT of φ k,j is given by Notice that the terms 1 ≤ m ≤ N − j(k + 1) vanish by definition of φ k,j . For the latter terms, we make the substitution n = N − m and flip the sum to give the expression where the term n = 0 corresponds to j = 0 and the following indices n = 1, 2, . . . , m(k
respectively. Notice that we may drop the N in the numerator of the exponential and that the values of φ k,j repeat over strings of length j. Therefore, each of these corresponding strings of exponential terms in (13) get the same weights, leading to the following sum:
Here, the inner sum represents the j consecutive terms in (13) that receive the same weights from φ k,j , namely (−1) m+k k m . Switching the order of summation, we recognize the sum over m as a binomial expansion leading to
Fig. 2 The filters in Fourier space of wavelet and MHOTV convolution functions
The remainder of the proof follows by elementary calculations.
Fast computation via operator decomposition
In this section, we give a decomposition for the matrix operator k,2 j and describe how this decomposition can
be used for rapid calculation of MHOTV operators. The decomposition of k,2 j is given in the following theorem. The proof of this theorem is given in Appendix. The matrices P 2 and P 2 2 are shown below to illustrate the sparse structure of these operators: Proposition 2 is a direct result of Theorem 1, the Fourier convolution theorem combined with the FFT, and the flops required for the direct calculation. We assume that the FFT and inverse FFT can be computed in N log 2 N flops, although the exact count is somewhat vague, depending on the precise algorithm and if N is a power of 2. To compute the full set of operators, we can get away with less flops and then adding the flops for each level. If we use the decomposition approach to calculate the operators as determined by (17), the associated computations are limited to that at the highest scale, since the intermediate scales are determined in this calculation as pointed out in (18) . If we use the Fourier approach for calculating the coefficients in (8) , only one forward FFT is required for the function f. Then, the product of F(f) and F (φ k,2 j ) must be computed for each j, as well as the inverse FFT for each of these products. The observations lead to the following corollary.
Theorem 1 Let the matrix
Propositionp m,n =    1 if m = n 1 if n = (m + j − 1) mod (N ) + 1 0 if otherwise . p m,n (j, k) = k+1 ℓ if n = (m + jℓ − 1) mod (N ) + 1 0 if otherwise , (17) k,2 j = P k+1 j P k+1 j−1 · · · P k+1 1 k (18) k,2 j = P k+1 j k,2 j−1 .
Corollary 1 Let T be the matrix containing the complete set of ℓ + 1 operators involved in the MHOTV
Then, calculating T using the operator decomposition given in Theorem 1 requires ℓN (k + 1) + Nk flops. Calculating T using the Fourier approach requires a total flop count of (ℓ + 2)N log 2 N + (ℓ + 1)N.
A few concluding remarks are in order.
Remark 3 All of the results presented are for 1D signals. For higher dimensions say 2D, the operators can be applied along each row and column, and the flop count is only doubled, disregarding the likely increased number of indices.
Remark 4
To solve (8), we use the well-established alternating direction method of multipliers (ADMM) [37] [38] [39] . This approach introduces splitting variables that allows one to split the objective functional into equivalent subproblems that can be solved relatively fast. Our algorithm can be downloaded at [40] , and some of the simulations in the proceeding section can also be found there.
Application to multidimensional electron microscopy and tomography
In this section, we apply our proposed approach to nanoscale multidimensional electron microscopy data, for both denoising and tomographic reconstruction. The data used for our experiments are performed on one of the openly available tomographic tilt series data [41] .
We use the data set labeled as "Tom_2", which contains platinum nanoparticles embedded on a graphitized carbon nanofibre support. We apply our methods to these data in 2 ways: first as a 2D image denoising problem of a single projection and second as a 2D tomographic image reconstruction problem from the tilt series. These data serve as an excellent test case, since there are many projections with very high SNR, and we may test the accuracy of various methods by observing the results when we limit the quality of these data. For the image denoising problem, we select one of the projection images from the full tilt series. These projection images have an excellent SNR, so we consider the original image as close to the ground truth. Therefore, a noisy version of the image was generated, where the usual Poisson noise model for noise in microscopy images is assumed. The image was scaled so that the mean values for the number of electrons per pixel, and hence the mean value for the Poisson noise, is 10, resulting in a maximum SNR of √ 10 . The original and noisy images are shown in Fig. 4a , b, respectively. For closer inspection, a zoomed region (indicated in (b)) is shown in (c) and (d), and a one-dimensional cross section of the 2D images are plotted in the right panel of Fig. 4 . To account for the Poisson noise, we use a weighted ℓ 2 norm for the fidelity term in (1), similar to that used in [42] .
The resulting denoised version showing only the small region are given in Fig. 4e-h , and the 1D plots are also shown in the right panel. In (e) is TV denoising, in (f ) is HOTV denoising of order 3, and in (g) is our MHOTV denoising of order 3 with 3 levels. In (h) is the result of hard-thresholding with a shearlet frame [30, 31] . TV denoising is clearly not optimal for this type of image where an over-smoothing or over regularization occurs, since projection images most certainly do not abide by the general piecewise constant assumption, making higherorder methods more preferable [9] . On the other hand, due to the low SNR in the noisy image, with the HOTV denoised image, we again observe many unwanted oscillations. The MHOTV denoised image performs well in this regard, as well as the shearlet thresholding approach. Both retain much more of the image integrity than TV, while also eliminating most of the noise which is still present with HOTV. The one-dimensional plots in the right panel agree with these observations.
For the next experiment with this data set, we reconstruct the 3D volume of the object from the available tilt series. To see how this problem is formulated as a regularized reconstruction in the form of (1), see for instance [8] . The tilt series is "full", in the sense that the range of angles is over 180 • taken at every 1 • . A single 2D cross section from the 3D reconstruction is shown in Fig. 5, Fig. 4 Denoising of an electron microscopy projection with Poisson noise. Small magnified patch is shown below for detailed analysis, where this patch is indicated in b. In a and c are the original image, with little noise, and in b and d are the simulated noisy images. In e is the TV denoised image, in f is the HOTV denoised, in g is the MHOTV denoised, and in h is the shearlet denoised by hard thresholding. One-dimensional plots of a single cross-section are shown on the right for an additional point of comparison and the 3D volume visualizations are shown in Fig. 6 using the tomviz software [43] . The resulting reconstruction from the full tilt series using the iterative least squares method known as SIRT (with a nonnegativity constraint) is shown in the top left of the Fig. 5 , and this can be considered somewhat as an ideal solution. A small patch is magnified in the bottom right of the image for closer inspection. For a more challenging problem, we reduce the available tilt series to 10% of the data from 180 projections taken at every 1 • to only 18 projection taken at every 10 • . The results of tomographic reconstruction from only these data are given in the remaining images in Fig. 5 along with the magnified image region. It is clearly observed that a notable degradation in the image quality takes place with the SIRT reconstruction in this case. We observe that the order 3 HOTV reconstruction again contains similar oscillatory artifacts observed previously. The shearlets are used in an iterative scheme here similar to the other ℓ 1 regularization, as opposed to a simple post processing procedure with hard thresholding used in the denoising case. In this case, the shearlets do not perform as well. The TV and MHOTV on the other hand yield results similar to that with the full data set. With closer inspection in the magnified patch, we see that the TV does somewhat over smooth these small particles again, where MHOTV does an excellent job in separating the structure, perhaps even more accurately than the full data solution. Inspecting the 3D volumes in Fig. 6 we observe similar effects. In particular, there is an obvious degradation of the solution from SIRT when limiting the data, and the TV and MHOTV solutions appear to mitigate this effect. On the other hand, the TV solution appears "blocky", suffering from the well-known staircasing effect [14, 15] .
A simulated 2D tomographic image reconstruction was performed on the test image shown in Fig. 7 , where the tomographic data are acquired with parallel beam geometry as in electron tomography. We simulated a total of 29 projection angles that are equally distributed across the full 180
• angular range. Such a limited set of data are sometimes referred to as limited data tomography. Mean zero normally distributed noise was added to the data values, where the variance σ 2 was set so that the SNR is 25. Baseline comparisons are obtained by a conjugate gradient least squares solver and a filtered backprojection (FBP) reconstruction, which are shown in the figure. To ensure accurate comparison between the methods, the parameter was set resulting in relative data errors, defined by �Af − b� 2 /�b� 2 , to be all contained within an interval of size .0129.
As has been observed previously [8] , due to a number of reasons including undersampling, noise, fine details between the image features, and nature of the regularization, the order 1 solutions (TV) can leave the fine features under resolved, even though the underlying image is truly a piecewise constant that classical TV was originally designed to recover. Each of these order 1 images appear relatively similar, with the MHOTV and Daubechies approaches showing modest improvements in resolving some features. As in the 1D case, the HOTV3 solution exhibits some small local oscillations that appear as noise in the image. However, this image, as well as the other order 3 approaches resolve the features notably more clear than the order 1 approaches. Both of the order 3 multiscale approaches appear less noisy than the HOTV order 3, while still maintaining a good approximation of the image features.
Quantitative results
We performed two sets of simulations to compare the methods in a more quantitative manner. The first set of results presented here involved setting up 100 different test problems and then running all of our methods over each time for multiple noise levels, and the mean reconstruction error over all simulations is presented in Table 1 , with the MHOTV resulting in the left of each column and Daubechies wavelets in the right of each column. It is important to note here that the parameter in Eq. 8 was optimized in every reconstruction to yield the solution that minimized the true error between the test signal and the reconstruction, making for objective comparisons. To set up each test problem, a 1D piecewise quadratic polynomial (presumably ideal for order 3) was randomly generated over a 1024 stencil, and the entries in sampling matrix A ∈ R 1024×1024 and added noise to b were randomly generated from a mean zero Gaussian distribution. Overall, these results show that MHOTV moderately outperforms Daubechies wavelets in each case, and remaining comparisons between the order and number of levels are generally consistent between MHOTV and the wavelets.
For the single-level case (original TV and HOTV), the error generally increases for higher orders, contrary to the results in previous work [20] . Multiple scales show notable improvement for the higher orders, whereas they show a mild reduction in accuracy for order 1. The most benefit for both orders 2 and 3 is seen when using 3 levels, and order 2 actually outperforms order 3. Finally, using the fact that (12) gives us a way to compute fractional orders of the method, we present also the results from orders 1.5 and 2.5. These are notably worse than the integer orders, a testament to the fact that these fractional-order derivates result in highly nonlocal differences. 4 In the second set of results presented here, we ran a series of numerical simulations and measured the rate of successful recovery for each method as a function of the sampling rate. For each simulation, we randomly generated a piecewise polynomial of specified maximal degree over a 1024 stencil. This function was randomly sampled at the specified sampling rate precisely as in the previous 1D simulations in "Repeat of 1D simulations" section, where the sampling rate is defined by the number of samples divided by the number of grid points. Each regularization procedure was then used for reconstruction, and the ℓ 2 error between the true function and reconstructed functions is determined. If the error was less than 10 −2 , then the reconstruction was said to yield a successful recovery. This simulation was carried out for each sampling rate in 20 trials, and the fraction of those 20 trials that yielded successful recovery is set as our probability of success. In each case, the generated test functions had five discontinuities, and the location of the jumps were drawn randomly from a uniform distribution on the approximation interval.
No noise was added for these simulations, as this can make the likelihood of an exact recovery unlikely.
Therefore, for this case, our general ℓ 1 model as a modification of (1) is given by and similarly for our specific MHOTV model in (8) . This constrained data fitting problem is solved by reformulating as an unconstrained problem with an augmented Lagrangian function [37, 44] .
The results for these simulations are shown in Fig. 8 . The results are separated in two ways, by the degree of the piecewise polynomial function that is sampled (varying along the rows) and the order of the regularization method (varying along the columns). In the first row are results for piecewise constant functions, in the second row are piecewise linear functions, and in the third row are piecewise quadratic functions. In all cases, the MHOTV yields the highest probability of success, regardless of the degree of the polynomial or order of the regularization, and the Daubechies wavelets success appears to generally lie somewhere between MHOTV and HOTV. The order 1 regularizations perform well only in the case of piecewise constant functions. On the other hand, the order 2 and 3 regularizations perform well for all function types, with order 2 again outperforming order 3 both with piecewise linear and quadratic signals. 
Conclusions
HOTV circumvents the staircasing often observed in TV solutions and has been shown to be more effective for problems with fine features, where resolution can be improved by increasing the order of derivatives in the regularization term [8] . In some applications, however, high-order derivatives promote solutions with spurious local oscillations, as shown in Fig. 1 . The MHOTV regularization we introduce in this work is shown to mitigate unwanted oscillations while maintaining the resolution power of high-order regularization.
Although the theory for MHOTV reconstructions remains underdeveloped when compared to wavelets regularization [18, 30, 31, [45] [46] [47] [48] , our experiments indicate that MHOTV can outperform wavelets regularization in practical applications. Figure 3 , for instance, shows fewer spurious oscillations in the MHOTV reconstruction than for Daubechies wavelets penalization, a feature that can also be observed for the 2D tomographic data and the experimental electron microscopy data. Moreover, our results show that MHOTV regularization requires fewer samples for successful reconstructions than for HOTV and wavelets. Computational efficiency 
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f ξ e i2π N ξ n for n = 0, 1, . . . , N − 1.
